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Abstract
Recent results in fully nonlinear pde’s single out smooth bounded domains in the euclidean 3-space whose
boundary has non-vanishing mean curvature. The literature provides no example of such domains when the genus
of the boundary is strictly larger than 1. This note fills the gap with an elementary construction.
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Given an integer n > 1 and m ∈ {1, . . . , n− 1}, a smooth bounded domain in the euclidean n-space En
is called m-convex if the elementary symmetric functions of all orders k m of the principal curvatures
(with respect to the inward unit normal) of its boundary are positive at each boundary point. When
m = n− 1, we get the common notion of (strict) convexity; when m= 1, we get domains bounded by
(compact) hypersurfaces with non-vanishing mean curvature. Can we think of such a domain, with non-
trivial topology, in E3? Yes indeed: an appropriate solid torus of revolution is 1-convex; the precise
condition for 1-convexity is R > 2r (rotating a circle of radius r about an axis at distance R from
its center). The present note provides a completely elementary construction of 1-convex domains with
arbitrary genus in E3.
Theorem. For any integer g, there exists a C∞ sphere with g handles and non-vanishing mean curvature,
embedded in E3.
We could not find this basic result in the literature. Why is it important nowadays? Our motivation
comes from nonlinear partial differential equations. Let us explain it briefly. Consider first, the classical
E-mail address: delphi@math.unice.fr (P. Delanoë).
1 Chargé de recherches au CNRS.
0926-2245/02/$ – see front matter  2002 Elsevier Science B.V. All rights reserved.
PII: S0926-2245(02)00099-2
80 P. Delanoë / Differential Geometry and its Applications 18 (2003) 79–85
Monge–Ampère operator
M(u)= uxxuyy − u2xy
at a function u satisfying M(u) > 0 on some domain Ω ⊂R2. If we linearize M at u, we get:
Lv = vxxuyy + vyyuxx − 2vxyuxy
and given a nonzero covector (ζ, ξ), the principal symbol
σ (L)(ζ, ξ)= ζ 2uyy + ξ 2uxx − 2ζ ξuxy
cannot vanish under the condition M(u) > 0 which thus ensures that the linearization L is elliptic.
Moreover, if u = uxx + uyy is positive at some point x0 ∈ Ω , the condition M(u) > 0 implies that
it remains so on all of Ω , where u is then strictly convex and M , elliptic at u. So, given a smooth positive
function f on 	Ω , posing the homogeneous Dirichlet problem:
M(u)= f in Ω, u= 0 on ∂Ω,
requires to assume that the domain Ω itself is strictly convex (since we want ∂Ω be a level curve of u).
Higher dimensional analogues of the classical Monge–Ampère operator are the so-called elementary
hessian operators. In dimension n, for m ∈ {1, . . . , n}, the mth-hessian of a real function u is the mth-
elementary symmetric function of the eigenvalues of the hessian matrix of u; let us denote it by Sm[u].
Given a smooth bounded domain Ω ⊂ Rn, the differential operator Sm admits in C2(	Ω) a stability cone
Km(	Ω): it is the minimal subset of C2(	Ω) such that any continuous path t → ut starting in Km(	Ω) at
t = 0 and satisfying Sm[ut ]> 0 for all t , cannot leave Km(	Ω). This notion was introduced by Ivochkina
who proved [6, Theorem 1]:
Km(	Ω)=
{
u ∈ C2(	Ω), ∀k ∈ {1, . . . ,m}, Sk[u]> 0
}
and the operator Sm is elliptic on Km(	Ω) [6, Theorem 2]. For m> 1, level surfaces of functions inKm(	Ω)
are (m− 1)-convex [3, Section 1]. Conversely, given a smooth (m− 1)-convex domain Ω , a function in
Km(	Ω) vanishing on ∂Ω is constructed in [3, Section 2] (using the distance function from ∂Ω). So the
(m− 1)-convexity of Ω is a necessary condition to solve the homogeneous Dirichlet problem:
Sm[u] = f in Ω, u= 0 on ∂Ω,
where f is a given smooth function positive on 	Ω . Moreover, it is sufficient [3, Theorem 3].
The so-called mth-curvature operators should also be mentioned since the associated homogeneous
Dirichlet problem still requires the (m − 1)-convexity of the domain. Here the operator, denoted by
Hm[u], is the mth-elementary symmetric function of the principal curvatures of the graph of u in Rn+1
and the stability cone, where Hm is elliptic, is given by:
Km(	Ω)=
{
u ∈ C2(	Ω), ∀k ∈ {1, . . . ,m}, Hk[u]> 0
}
.
The Dirichlet problem for Hm is well understood when Rn+1 is equipped with its standard euclidean
metric (Hm is the euclidean mth-curvature, see [7] and its references). It is also solved for space-like
graphs in the Minkowski spaceMn+1, in the extreme cases m= 1 (Lorentz-mean curvature) [1] and m= n
(Lorentz–Gauss curvature) [4]; lately, Pierre Bayard initiated the much trickier case of the Lorentz-mth-
curvature when 1 < m < n. He succeeded to solve the Dirichlet problem when m = 2 (Lorentz-scalar
curvature) and n= 3 (physical space-time) [2]. He draw my attention to the result of the present note, as
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he was considering the torus and wondering about higher genus examples. This might be the right place
to express him my gratitude. I also wish to thank Frank Morgan for his interest, and the referee, whose
critics led to the present (expanded) version of the introduction.
1. Proof of the theorem
When g  1, the result is trivial: henceforth g > 1. The key-tool of the proof is the following lemma,
proved below.
Lemma. One can attach in a C∞ way in E3, keeping H = 0, a thin enough right cylinder to a unit-sphere
sharing the same axis of revolution, leaving unchanged the complement in the sphere of a spherical cap
of area strictly less than 4π/3.
Due to its last condition, the lemma provides enough room on a unit-sphere for C∞ attaching to it,
with H = 0, three copies of a thin right cylinder, their axis lying in the same plane and meeting at the
center of the sphere, with a mutual angle 2π/3. We get a piece of C∞ surface with boundary in E3,
having a tripodal shape, and H = 0: denote it by Y. Connecting two copies of Y we get another such
piece, now with a tetrapodal shape, denoted by H: this is the basic unit of our construction.
Put g − 1 copies of H one above the other in a plane and connect them pairwise smoothly. We get a
ladder with g − 1 rungs, and 4 ends (see Fig. 1): connect smoothly the top ends; same for the bottom
ends. Granted the various connections preserve the non-vanishing of H , we obtain a surface as claimed.
Smooth surgery with H = 0: let us specify how connecting can be done throughout in a C∞ way,
keeping H = 0. Consider first two straight lines in E3, one being the Ox axis, the other one D given
by: z = 0, y =√3x (in orthonormal coordinates; here the slope corresponds to the above angle 2π/3).
Take a C∞ cut-off function θ :R→[0,1], with θ = 0 for x  1 and θ = 1 for x  2. Then y =√3xθ(x)
provides a C∞ linking between Ox and D over x ∈ [1,2]. Now the boundary of any sufficiently thin
tubular neighborhood in E3 of the resulting plane curve has H = 0; for the purpose of connecting the
H’s, it thus suffices to choose the initial right cylinder thin enough.
As regards connecting the top ends, we first view their co-planar axis as part of a regular hexagone
whose top is now completed by three edges, thus with four vertices (see Fig. 1); then we decompose the
required connection into four steps of the preceding type. We do the same for the bottom ends.
Fig. 1.
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2. Proof of the lemma
We seek a surface of revolution (say about the Ox axis) with profile curve y = f (x) connecting
the straight line y = ε at x = 0, with ε ∈ (0,1) to be chosen, to the unit-circle with center (D,0) at
x =D − cosα, with D > 1 to be chosen and α close to π/3 strictly smaller. Under the latter condition,
the zone of attachment on the unit-sphere will occupy a spherical cap of area 4α < 4π/3, less than 4π/3
as required.
Let us proceed stepwise.
2.1. Osculating conditions for y = f (x)
In order to check the mean curvature condition, it will be enough to deal with a C2 profile function (to
be smoothed afterward). So we just write osculating conditions:
f (0)= ε, f (K)= sinα,
f ′(0)= 0, f ′(K)= cotanα,
f ′′(0)= 0, f ′′(K)= −1
sin3 α
,
where K :=D − cosα. Let us introduce the dimensionless variable t := x/K which ranges in [0,1], set
F(t) := f (x) and try for F the expression:
(1)F(t)= ε+Kt3(a + bt),
where the unknown coefficients a and b are to be chosen. The osculating conditions at t = 0 are satisfied
by (1); those at t = 1 yield the (overdetermined) linear system:
a + b = sinα− ε
K
,
3a + 4b = cotanα,
a + 2b = −K
6 sin3 α
.
First of all, we must adjust the parameters (ε,D,α) to make the system compatible; this is equivalent to
the determinant of the matrix
1 1 −(sinα− ε)3 4 −K cotanα
1 2 K26 sin3 α


vanishing, i.e., expanding it with respect to the last column, to:
K2
6 sin3 α
+K cotanα− 2(sinα− ε)= 0.
For α close to π/3 and ε > 0 small, this second degree equation has exactly one positive root, which we
denote by Ko =Ko(α, ε), given by:
Ko(α, ε)=
[
−3 cosα+
√
9 cos2 α+ 12
(
1− ε
sinα
)]
sin2 α.
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Calculation yields:
Ko
(
π
3
,0
)
= 3
8
(√
57− 3) 1.7,
∂Ko
∂α
(
π
3
,0
)
=Ko
(
π
3
,0
)(
1+ 3
√
3
57
)
 2.9,
∂Ko
∂ε
(
π
3
,0
)
=−6
√
3
57
−1.4.
In particular, setting Do :=Ko + cosα, we find:
Do
(
π
3
,0
)
 2.2, ∂Do
∂α
(
π
3
,0
)
 2, ∂Do
∂ε
(
π
3
,0
)
−1.4,
so, for (α, ε) close to (π/3,0) with α < π/3 and ε > 0, the required distance [Do(α, ε)− 1] between the
thin cylinder and the unit-sphere is slightly less than 1.2.
Back to the linear system, henceforth with K =Ko(α, ε), substracting the first equation from the third
one, we find
b=−Ko(α, ε)
6 sin3 α
− (sinα − ε)
Ko(α, ε)
hence, from the first equation:
a = 2(sinα− ε)
Ko(α, ε)
+ Ko(α, ε)
6 sin3 α
.
Letting (α, ε) = (π/3,0) yields for a and b respectively the approximate values 1.45 and −0.94,
therefore, when (α, ε) is close to (π/3,0), the expression (a + bt) remains positive for t ∈ [0,1], hence
f > ε on [0,Do(α, ε)− cosα].
2.2. Mean curvature condition for y = f (x)
Recall the formula which gives the mean curvature in E3 of our surface of revolution, e.g., [5, p. 363]:
H = 1+ f
′2 − ff ′′
2f (1+ f ′2)3/2 .
Here H is positive on the cylinder generated by {y = ε} and on the unit-sphere centered at (Do,0,0) ∈ E3:
all we must check is that it is positive in-between, i.e., for x ∈ [Do−cosα]. Since f > ε there (cf. supra),
we only have to deal with the sign of the numerator
1+ f ′2 − ff ′′ ≡ 1+ 1
K2o
(
F ′2 −FF ′′)=:G(t).
A routine calculations yields:
(2)G(t)= 1− ε
Ko
P (t)+ t4Q(t)
84 P. Delanoë / Differential Geometry and its Applications 18 (2003) 79–85
Fig. 2.
with P(t)= 6t (a+2bt) and Q(t)= 3a2+6abt +4b2t2. The reduced discriminant of Q equals −3a2b2,
so the polynomial Q is positive. Therefore we can keep G positive on [0,1] just by taking ε > 0 small
enough. It yields H > 0 on x ∈ [Do − cosα] as desired.
Remark. Technically, given a couple (fo, f1) of germs of C2 real functions at 0 ∈ R, it is not always
possible to find an osculating function of degree 4 between, say fo at x = 0 and f1(.− L) at x = L for
some L> 0. It turns out to be precluded as soon as:
[f ′o(0)+ f ′1(0)]2 −
4
3
[f ′′1 (0)− f ′′o (0)][f1(0)− fo(0)]< 0;
for instance, on Fig. 2, one can do it (for a suitable value of L) from A to B , but never from A′ to B .
Whenever the osculating function is taken of degree 5 instead of 4, one experiences a gap of complexity
when computing curvatures: in the proof of the preceding lemma, taking F = ε + Kt3(a + bt + ct2)
(compare with (1)) yields the following modified polynomials P and Q (compare with (2)):
P(t)= 6at + 12bt2 + 20ct3,
Q(t)= 3a2 + 6abt + 4(b2 + ac)t2 + 8bct3 + 5c2t4.
So G(t) has degree 8 and checking the sign of the mean curvature H becomes, indeed, much more
complicated (e.g., for D large, a(π/3,0) and c(π/3,0) are negative while b(π/3,0) is positive).
2.3. Smoothing the profile y = f (x)
So far, we have constructed a profile function x → f (x) which is C∞ (analytic, even) on (−∞,Do) \
{0,Do − cosα} but only C2 at the connecting points x = 0 and x =Do − cosα. We must smooth it out.
To do so, we fix δ ∈ (0, 13 cosα), set Iδ = (−δ,Do − cosα + δ) and construct a sequence (fi)i∈N
of C∞(I3δ) converging toward the function f in C2(I2δ)—a standard device, using convolution with
a mollifier –. Furthermore, we take a C∞ cut-off function θ equal to 1 on Iδ and 0 outside I2δ . For
each i ∈ N, the function Fi = (1− θ)f + θfi belongs to C∞((−∞,Do)) and coincides with f outside
I2δ . Moreover Fi − f ≡ (fi − f )θ , so the sequence (Fi)i∈N converges to f in C2(I2δ) and for i ∈ N
large enough, the smooth profile Fi still generates a surface of revolution with uniformly positive mean
curvature, attaching the right cylinder of radius ε to the unit-sphere centered at (Do,0,0) ∈ E3. The
lemma is proved.
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